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Abstract. We construct left invariant quaternionic contact (qc) structures on Lie groups with zero and 
non-zero torsion and with non-vanishing quaternionic contact conformal curvature tensor, thus showing the 
existence of non-fiat quaternionic contact manifolds. We prove that the product of the real line with a seven 
dimensional manifold, equipped with a certain qc structure, has a quaternionic Kahler metric as well as a 
metric with holonomy contained in Spin(7). As a consequence we determine explicit quaternionic Kahler 
metrics and Spm^-holonomy metrics which seem to be new. Moreover, we give explicit non-compact 
eight dimensional almost quaternion hermitian manifolds with either a closed fundamental four form or 
fundamental two forms defining a differential ideal that are not quaternionic Kahler. 
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1. Introduction 

It is well known that the sphere at infinity of a non-compact symmetric space M of rank one carries 
a natural Carnot-Caratheodory structure (see |28 [ 131 ) ). Quaternionic contact structures were introduced 
by Biquard in [6], and they appear naturally as the conformal boundary at infinity of quaternionic 
Kahler spaces. Such structures are also relevant for the quaternionic contact Yamabe problem which is 
naturally connected with the extremals and the best constant in an associated Sobolev-type (Folland-Stein 
[14]) embedding on the quaternionic Heisenberg group [36l l20l [21] . 

Following Biquard, jS] IE], quaternionic contact structure (qc structure) on a real (An + 3)-dimensional 
manifold M is a codimension three distribution H locally given as the kernel of a R 3 -valued 1-form r\ = 
( r lii r l2, r t3)^ such that, the three 2-forms dr]i\H are the (local) fundamental forms of a quaternionic structure 
on H. The 1-form r\ is determined up to a conformal factor and the action of SO(3) on M 3 , and therefore 
H is equipped with a conformal class [g] of Riemannian metrics. The transformations preserving a given qc 
structure 77, i.e. 77 = /i'l'ry for a positive smooth function fj, and a non-constant S*0(3) matrix are called 
quaternionic contact conformal (qc conformal for short) transformations. If the function /i is constant we 
have qc-homothetic transformations. To every metric in the fixed conformal class [g] on H one can associate 
a linear connection preserving the qc structure, see [S], which we shall call the Biquard connection. This 
connection is invariant under qc homothetic transformations but changes in a non-trivial way under qc 
conformal transformations. The torsion endomorphism of the Biquard connection is the obstruction for a 
qc structure to be locally qc homothetic to a 3-Sasakian [2U] [5H [H] and its vanishing is equivalent to the 
vanishing of the trace-free part of the horizontal qc-Ricci forms, i.e. to the condition that the qc structure 
is qc Einstein 20 . 

The quaternionic Heisenberg group G (H) with its standard left-invariant qc structure is locally the unique 
(up to a 50(3)-action) example of a qc structure with flat Biquard connection [20] . In fact, the vanishing of 
the curvature on H implies the flatness of the Biquard connection [23]. The quaternionic Cayley transform 
is a qc conformal equivalence between the standard 3-Sasakian structure on the (An + 3)-dimensional sphere 
g4n+3 m j nus a point and the flat qc structure on G (H) [20] . All qc structures locally qc conformal to G (H) 
and 5' 4n+3 are characterized in [S3] by the vanishing of a tensor invariant, the qc-conformal curvature W qc 
defined in terms of the curvature and torsion of the Biquard connection. 

Examples of qc manifolds arising from quaternionic Kahler deformations are given in [5] [6] [12] . Duchemin 
shows |12j that for any qc manifold there exists a quaternionic Kahler manifold such that the qc manifold 
is realized as a hypersurface. However, the embedding in his construction is not isometric and it is difficult 
to write an explicit expression of the quaternionic Kahler metric except the 3-Sasakian case where the cone 
metric is hyperKahler. 

One purpose of this paper is to find new explicit examples of qc structures. We construct explicit left 
invariant qc structures on three Lie groups of dimension seven ( that we call L\, Li and L3) with zero and 
non-zero torsion endomorphism of the Biquard connection for which the qc-conformal curvature tensor does 
not vanish, W qc ^ 0, thus showing the existence of qc manifolds not locally qc conformal to the quaternionic 
Heisenberg group G (H). We present a left invariant qc structure with zero torsion endomorphism of the 
Biquard connection on a seven dimensional non-nilpotent Lie group L\. Surprisingly, we obtain that this qc 
structure is locally qc conformal to the fiat qc structure on the two-step nilpotent quaternionic Heisenberg 
group G (H) showing that the qc conformal curvature is zero and applying the main result in |23j . Conse- 
quently, this fact yields the existence of a local function /1 such that the qc conformal transformation fj = fin 
preserves the vanishing of the torsion of the Biquard connection. 

The second goal of the paper is to construct explicit quaternionic Kahler and 5pm(7)-holonomy metrics, 
i.e. metrics with holonomy contained in Sp(n)Sp(l) and Spin(7), respectively, on a product of a qc manifold 
with a real line. We generalize the notion of a qc structure, namely, we define an Sp(n) Sp(l)-hypo structure 
on a (4n + 3)-dimensional manifold as the structure induced on an orientable hypersurface of a quaternionic 
Kahler manifold. We show that a qc structure is an Sp(n) Sp(l)-hypo precisely when its fundamental four 
form, defined by (|4.8[) , vanishes. In Theorem 14. 91 we prove that there is a quaternionic Kahler structure on 
the product of the real line with a smooth qc Einstein manifold of dimension bigger than seven. In dimension 
seven, we show that the product of a real line with a qc Einstein structure of constant qc scalar curvature 
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has a quaternionic Kahlcr metric (Theorem 14. 9[) as well as a metric with holonomy contained in Spin(7) 
fThcorcm l5.3p . The construction and the properties of the obtained metrics with special holonomy depends 
on the sign (or the vanishing) of the qc scalar curvature. In the negative qc scalar curvature case, we present 
explicit quaternionic Kahler metrics, complete as sub-Riemannian metrics, and 5pm(7)-holonomy metrics 
on the product of the seven dimensional Lie groups L\ and Li with the real line, some of which seem to be 
new. In the case of zero qc scalar curvature, using the quaternionic Heisenberg group, we rediscover the 
complete Einstein metric on an eight-dimensional solvable Lie group constructed by Gibbons at al in [17] as 
an Einstein metric starting with a T 3 bundle over T 4 , [17} equation (148)]. Thus, we show that the Einstein 
metric in dimension eight discovered in |17) is in fact a quaternionic Kahler metric and extend it to obtain 
complete quaternionic Kahler metrics on a 4n + 4 dimensional solvable Lie groups constructed on G (H) x R. 
In the positive qc scalar curvature case we give a general construction which includes well known metrics on 
the product of a 3-Sasakian manifold with the real line. 

It is well known that in dimension eight an almost quaternion hermitian structure with closed fundamental 
four form is not necessarily quaternionic Kahler [33] . This fact was confirmed by Salamon constructing in 
[32j a compact example of an almost quaternion hermitian manifold with closed fundamental four form 
which is not Einstein, and therefore it is not a quaternionic Kahler. We give a three parameter family of 
explicit non-compact eight dimensional almost quaternion hermitian manifolds with closed fundamental 
four form which are not quaternionic Kahler. We also check that these examples are not Einstein. 

To the best of our knowledge there is no known example of an almost quaternion hermitian eight dimen- 
sional manifold with closed fundamental four form which is Einstein but not quaternionic Kahlcr. 

Finally, we obtain an explicit family of almost quaternion hermitian structures such that the fundamental 
2-forms define a differential ideal but the structure is not a quaternionic Kahler manifold, see also [37] for 
earlier examples. 

Convention 1.1. 

a) We shall use X,Y,Z,U to denote horizontal vector fields, i.e. X,Y,Z,U £ H; 

b) {ei, . . . , e4„} denotes a local orthonormal basis of the horizontal space H ; 

c) The triple (i,j,k) denotes any cyclic permutation of (1,2,3). 

d) s will be any number from the set {1,2,3}, s € {1,2,3}. 

Acknowledgments We thank Charles Boyer for useful conversions leading to Remark l3.ll 
The research was initiated during the visit of the third author to the Abdus Salam ICTP, Trieste as a Senior 
Associate, Fall 2008. He also thanks ICTP for providing the support and an excellent research environment. 
S.I. is partially supported by the Contract 082/2009 with the University of Sofia 'St.Kl.Ohridski'. S.I and 
D.V. are partially supported by Contract "Idei", DO 02-257/18.12.2008 and DID 02-39/21.12.2009. This 
work has been also partially supported through grant MCINN (Spain) MTM2008-06540-C02-01/02. 

2. Quaternionic contact manifolds 

In this section we will briefly review the basic notions of quaternionic contact geometry and recall some 
results from [5], [20] and [23] which we will use in this paper. 

2.1. Quaternionic contact structures and the Biquard connection. A quaternionic contact (qc) 
manifold (M, g, Q) is a An + 3-dimensional manifold M with a codimension three distribution H locally given 
as the kernel of a 1-form r\ = (771 , 772, 773) with values in K 3 . In addition H has an Sp(n)Sp(l) structure, that 
is, it is equipped with a Riemannian metric g and a rank-three bundle Q consisting of endomorphisms of H 
locally generated by three almost complex structures I\ , I2 , ^3 on H satisfying the identities of the imaginary 
unit quaternions, I1I2 — —I2I1 = la, I1I2I3 = ~id\ H which are hermitian compatible with the metric 
g(I s -, I s -) = g(-, ■) and the following compatibility condition holds 2g(I s X, Y) = di] s (X, Y), X,Y € H. 

A special phenomena, noted in [5], is that the contact form rj determines the quaternionic structure and 
the metric on the horizontal distribution in a unique way. 

Correspondingly, given a qc manifold we shall denote with rj any associated contact form. The associated 
contact form is determined up to an 50(3)-action, namely if W € SO(3) then ^rj is again a contact form 
satisfying the above compatibility condition (rotating also the almost complex structures). On the other 
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hand, if we consider the conformal class [g] on H, the associated contact forms are determined up to a 
multiplication with a positive conformal factor \x and an 50(3)-action, namely if ^ G 50(3) then \i^r\ is 
a contact form associated with a metric in the conformal class [g] on H. A qc manifold (M, g,Q) is called 
qc conformal to (M, g,Q) if g £ [g]- In that case, if fj is a corresponding associated 1-form with complex 
structures I s , s = 1,2,3, we have fj = for some ^ £ 50(3) with smooth functions as entries and a 

positive function (i. In particular, starting with a qc manifold (M,r)) and defining fj = fir] we obtain a qc 
manifold (M, 77) qc conformal to the original one. 

If the first Pontryagin class of M vanishes then the 2-sphere bundle of Revalued 1-forms is trivial [2], i.e. 
there is a globally defined form n that anihilates H, we denote the corresponding qc manifold (M, rj). In this 
case the 2-sphere of associated almost complex structures is also globally defined on H . 

On a qc manifold with a fixed metric g on H there exists a canonical connection defined in [5] when the 
dimension (An + 3) > 7, and in [TT] for the 7-dimensional case. We have 

Theorem 2.1. .[5] Let (M,g,Q) be a qc manifold of dimension An + 3 > 7 and a fixed metric g on H in 
the conformal class [g] . Then there exists a unique connection V with torsion T on M 4n+3 and a unique 
supplementary subspace V to H in TM, such that: 

i) V preserves the decomposition H © V and the Sp(n)Sp(l) structure on H, i.e. Vp = 0, Vcr G r(Q) 

for a section a G T(Q), and its torsion on H is given by T(X,Y) = — [X, Y]iy; 
ii) for £ G V, the endomorphism T(£, .)|^f of H lies in (sp(n) © sp(l)) ± G gl(An); 

Hi) the connection on V is induced by the natural identification (p of V with the subspace sp(l) of the 
endomorphisms of H , i.e. \Jip = 0. 

In ii), the inner product <, > of End(H) is given by < A, B >= Ym=x 9(^( e i)-, ^( e i))i f° r A,Be End(H). 
We shall call the above connection the Biquard connection. Biquard [5 also described the supplementary 
subspace V, namely V is (locally) generated by vector fields {^1^2,^3}: such that 



where j denotes the interior multiplication. The vector fields ^1,^2,^3 are called Reeb vector fields. 

If the dimension of M is seven, there might be no vector fields satisfying (|2.1[) . Duchemin shows in 
[TTj that if we assume, in addition, the existence of Reeb vector fields as in (I2.1[) . then Theorem 12.11 holds. 
Henceforth, by a qc structure in dimension 7 we shall mean a qc structure satisfying (|2. 1[) . 

Notice that equations (|2.1I) are invariant under the natural 50(3) action. Using the triple of Reeb vector 
fields we extend g to a metric on M by requiring span{£i, £ 2 , £3} = V _L H and g(£ s ,£,k) = 8 s k- The 
extended metric does not depend on the action of 50(3) on V, but it changes in an obvious manner if 
i] is multiplied by a conformal factor. Clearly, the Biquard connection preserves the extended metric on 
TM, Vg = 0. Since the Biquard connection is metric it is connected with the Levi-Civita connection V 9 of 
the metric g by the general formula 



The covariant derivative of the qc structure with respect to the Biquard connection and the covariant 
derivative of the distribution V are given by VJi = — otj ® Ik + at <8> Ij, = — ctj ® + a& ® £j. The 

sp(l)-connection 1-forms a s on H are expressed in [5] by 



where 5 is the normalized qc scalar curvature defined below in (I2.5[) . The vanishing of the sp(l)-connection 
1-forms on H implies the vanishing of the torsion endomorphism of the Biquard connection (sec [20 ). 

The fundamental 2-forms u>i,i = 1,2,3 [5] are defined by 2u^|# = drjiw, = 0, £ G V. The 

properties of the Biquard connection are encoded in the properties of the torsion endomorphism = 



(2.1) 



{£, s -idn s )\ H = 0, 
= -{£,k^dn s )\ H , 



(2.2) 



g(V A B, C) = g{V 9 A B, C) + - [g(T(A, B),C) - g(T(B, C), A) + g(T(C, A), B) 
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T(£, •) : H — »• H, £ 6 V. Decomposing the endomorphism 6 (sp(n) + sp(l))- L into its symmetric part 
T® and skew-symmetric part frf,2]t = T® + b^, O. Biquard shows in [5] that the torsion T% is completely 
trace-free, trT^ = trT^o I s = 0, its symmetric part has the properties T^Ji = —Iilf i I 2 (T® 2 y = 
7i(T 0)-+- /3 ( T o )-+- = / 2 (T° )— +, /i(T°)— + = / 3 (2&)+— , where where the upperscript + + + 

means commuting with all three Zj, H indicates commuting with I\ and anti-commuting with the other 

two and etc. The skew-symmetric part can be represented as = IiU, where u is a traceless symmetric 
(l,l)-tensor on H which commutes with Ix^Ii, I3. If n = 1 then the tensor u vanishes identically, u = and 
the torsion is a symmetric tensor, = T|\ 

Any 3-Sasakian manifold has zero torsion endomorphism, and the converse is true if in addition the qc 
scalar curvature (see (|2.5jl ) is a positive constant 120] . We remind that a (4n + 3)-dimensional Riemannian 
manifold (M, g) is called 3-Sasakian if the cone metric g c = t 2 g + dt 2 on C = M x R+ is a hyper Kahler 
metric, namely, it has holonomy contained in Sp(n + 1) [8]. A 3-Sasakian manifold of dimension (4n + 3) is 
Einstein with positive Riemannian scalar curvature (4n + 2)(4n + 3) |25) and if complete it is compact with 
a finite fundamental group, (see [7] for a nice overview of 3-Sasakian spaces). 

2.2. Torsion and curvature. Let R — [V, V] — V[ . ] be the curvature tensor of V and the dimension is 
4n + 3. We denote the curvature tensor of type (0,4) by the same letter, R(A, B, C, D) := g(R(A, B)C, D), 
A,B,C,D e T(TM). The Ricci 2-forms and the normalized scalar curvature of the Biquard connection, 
called qc-Ricci forms p a and normalized qc-scalar curvature S, respectively, are defined by 

(2.5) An Ps (A,B) = R(A,B,e a ,I s e a ), 8n(n + 2)S = R(e b , e„, e„, e b ). 
The sp(l)-part of R is determined by the Ricci 2-forms and the connection 1-forms by 

(2.6) R(A,B,Z i ,t j )=2 Pk (A,B) = (da k + a i Aa j )(A,B), A,Be T(TM). 

The two Sp(n)Sp(l)-invariant trace-free symmetric 2-tensors T°(X,Y) = g((T^Ii + Tgl 2 + Tgl 3 )X,Y), 
U(X,Y) — g(uX,Y) on H, introduced in [2D], have the properties: 

T°(X, Y) + T°(hX, hY) + T°(I 2 X, I 2 Y) + T°(I 3 X, I 3 Y) = 0, 
U{X,Y) = U(hX,hY) = U(I 2 X,I 2 Y) = U{hX,hY). 

In dimension seven (n = 1), the tensor U vanishes identically, {7 = 0. 
We shall need the following identity taken from [23] Proposition 2.3] 

(2.8) 4< ? (T°fe, I S X), Y) = T°(X, Y) - T°(I S X, I.Y) 

Definition 2.2. A qc structure is said to be qc Einstein if the horizontal qc-Ricci 2-forms are scalar multiple 
of the fundamental 2-forms, 

Ps {X,Y) = v s uj s {X,Y). 

For a qc Einstein structure the functions v s are all equal and can be expressed as a constant multiple of 
the qc scalar curvature [20] . 

The horizontal Ricci 2-forms can be expressed in terms of the torsion of the Biquard connection [20] 
(see also [2TJ [23]). We collect the necessary facts from [20] Theorem 1.3, Theorem 3.12, Corollary 3.14, 
Proposition 4.3 and Proposition 4.4] with slight modification presented in [23] 

Theorem 2.3. . [20] On a (An + 3) -dimensional qc manifold (M, rj, Q) the next formulas hold 

P i{XJiY) = -^[T {X,Y)+T°(I l X,I l Y)]-2U(X,Y)-Sg(X,Y), 

T(£i,i j ) = -S£ k -[£ i ,£ j ]H, S = -g(Tfa,h),&) 

( 2 - 9 ) , TV +s , TV ,, ^ V s „ +s I 

2 



g{T(^),X) = -pkikX,^) = - P k(IjX,^) = -<?(&,£;], X), fH{Zi,Z j )+Pkfa,£ j ) = MS); 



Pi(X,ti) = + ^(-p l (C J ,hX)+p 3 (^I l X) + Pk(^,I 3 X)). 

For n = 1 the above formula holds with U = 0. 
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The qc Einstein condition is equivalent to the vanishing of the torsion endomorphism of the Biquard 
connection. In this case S is constant and the vertical distribution is integrale provided n > 1 . 

2.3. The qc conformal curvature. The qc conformal curvature tensor W qc , introduced in [23], is the 
obstruction for a qc structure to be locally qc conformal to the flat structure on the quatcrnionic Heisenberg 
group G (H). Denote L = \T a + U, the tensor W qc can be expressed by [23] 

3 

(2.10) W qc (X, Y, Z, V) = R(X, Y, Z, V) + (g © L ))(X, Y, Z, V) + ^(w s © I S L )(X, Y, Z, V) 

s=l 

1 3 

- - [u.(X, Y){t°(Z, I.V) - T°(I S Z, V)}+ u.(Z, V){t°(X, I.Y) - T°(I S X, Y) - AU(X, I S Y)} 

s=l 

s 3 

+ - [(g © g){X, Y, Z, V) + © w.){X, Y, Z, V) + Alu s (X, Y)u.{Z, V)) 

s=l 

where I S U (X,Y) = —U(X,I S Y) and © is the Kulkarni-Nomizu product of (0,2) tensors, for example, 

(w. © U)(X, Y, Z, V) := w a (X, Z)U(Y, V) + lo s (Y, V)U(X, Z) - uj s (Y, Z)U(X, V) - lo s (X, V)U(Y, Z). 
The main result from [53] can be stated as follows 

Theorem 2.4. , |23j A qc structure on a {An + 3)- dimensional smooth manifold is locally qc conformal to 
the standard flat qc structure on the quaternionic Heisenberg group G (H) if and only if the qc conformal 
curvature vanishes, W qc = 0. In this case, we call the qc structure a qc conformally flat structure. 

A qc conformally flat structure is also locally qc conformal to the standard 3-Sasaki sphere due to the 
local qc conformal equivalence of the standard 3-Sasakian structure on the 4n + 3-dimensional sphere and 
the quaternionic Heisenberg group [50] [53] . 

3. Explicit examples of quaternionic contact structures 

In this section we give explicit examples of qc structures in dimension seven satisfying the compatibility 
conditions (|2.1j) . The first example has zero torsion and is locally qc conformal to the quaternionic Heisenberg 
group. The second example has zero torsion while the third is with non-vanishing torsion, and both are not 
locally qc conformal to the quaternionic Heisenberg group. We remind that the zero torsion qc structures 
are precisely the qc Einstein structures, cf. Theorem 12.31 

Remark 3.1. We note explicitly that the vanishing of the torsion endomorphism implies that, locally, the 
structure is homothetic to a 3-Sasakian structure if the qc scalar curvature is positive. In the seven dimen- 
sional examples below the qc scalar curvature is a negative constant. In that respect, as pointed by Charles 
Boyer, there are no compact invariant with respect to translations 3-Sasakian Lie groups of dimension seven. 

3.1. Example 0: The quaternionic Heisenberg group G (H) - the Biquard-flat qc structure. As 

a manifold G (H) = H" x Imi, while the group multiplication is given by (q',u>') = (q ,uj ) o (q,u)) = 
(q + q,uj + uj + 2 Im q q), where q, q G H" and lu,lu G ImH. The standard flat qc structure is 
defined by the left-invariant qc form = (0i, 2 , 63) = \ (duj — q' ■ d<f + dq' ■ q'), where . denotes 
the quaternion multiplication. As a Lie group it can be characterized by the following structure equations. 
Denote by e a , 1 < a < (4n + 3) the basis of the left invariant 1-forms, and by e 4 - 7 the wedge product e l A & 1 . 
The [An + 3)-dimensional quaternionic Heisenberg Lie algebra is the 2-step nilpotent Lie algebra defined by: 

de a = 0, 1 < a < An, 

dm = de in+1 = 2(e 12 + e 34 + • • • + e (^-3)(4n-2) + e (±n-i) in) = 2uii 
(3-1) d m - de 4n+2 = 2(e 13 + e 42 + • • • + e (*»-3)(*»-D + e 4 "( 4 "- 2 )) = 2w 2 , 

d m = de in+3 = 2(e 14 + e 23 + • • • + e ( 4 "- 3 ) 4 " + e (4*-a)(4n-i)) = 2 ^ 
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The Biquard connection coincides with the flat left-invariant connection on G (H) . This flat qc structure on 
the quaternionic Heisenberg group G (H) is (locally) the unique qc structure with flat Biquard connection 
[20) [24] . By a rotation of the 1-forms defining the horizontal space of G (H) we obtain an equivalent qc- 
structure (with the same Biquard connection). It is possible to introduce a different not two step nilpotent 
group structure on H™ x Imi with respect to which the rotated forms are left invariant (but not parallel!). 
Following is an explicit description of this construction in dimension seven. 

Consider the seven dimensional quaternionic Heisenberg group. Since e 4 is closed we can write e 4 = dx4, 
where X4 is a global function on the manifold H x Im H. Now we can use this function to define a non- left- 
invariant qc structure on this manifold as follows. For each c £ R, let 

7 1 = e 1 , 7 2 = sin(— CX4) e 2 + cos( — CX4) e 3 , 7 3 = — cos(— CX4) e 2 + sin(— cx^) e 3 , 7 4 = e 4 , 
7 5 = sin(— C.X4) e 5 + cos(— CX4) e 6 , 7 6 = — cos(— 0x4) e° + sin( — CX4. ) e 6 , 7 7 = e 7 . 

A direct calculation shows that for c 7^ the forms {7', 1 < I < 7} define a unique Lie algebra l with the 
following structure equations 

d 7 1 = 0, d 7 2 = -c 7 34 , d 7 3 = c 7 24 , d 7 4 = 0, 
(3 ' 3) d7 5 = 27 12 + 27 34 + c 7 46 , d7 6 = 27 13 + 27 42 -c 7 45 , dj 7 = 2 7 14 + 2 7 23 . 

In particular, Iq is an indecomposable solvable Lie algebra. Let e;, 1 < I < 7 be the left invariant vector fields 
dual to the 1-forms 7', 1 < I < 7. The (global) flat qc structure on H x Iml can also be described as follows 
t?i=7 5 , ?72=7 f \ V3 = l 7 , H = spanij 1 , . . . ,7 4 }, ui = 7 12 +7 34 , cj 2 = 7 13 + 7 42 , w 3 = 7 14 + 7 23 . 
It is straightforward to check from (|3.3p that the vector fields ^1 = ez, ^2 = ee, ^3 = ej satisfy the Duchemin 
compatibility conditions (|2.ip and therefore the Biquard connection exists and £ s are the Reeb vector fields. 

Let (L ,rj,Q) be the simply connected connected Lie group with Lie algebra lo equipped with the left 
invariant qc structure (r/, Q) defined above. Then, as a consequence of the above construction, the torsion 
endomorphism and the curvature of the Biquard connection are identically zero but the basis 71 , . . . , 77 is 
not parallel. The Sp(l)-connection 1-forms in the basis 7 , . . . , 7 7 are given by ot\ =0, a.2 — 0, U3 = 07 . 

3.2. Example 1: zero torsion qc-flat structure. Denote {e', 1 < I < 7} the basis of the left invariant 1- 
forms and consider the simply connected connected Lie group L\ with indecomposable Lie algebra L defined 
by the following equations 

de 1 = 0, de 2 = -e 12 - 2e 34 - i e 37 + -e 46 , 

2 2 

(3.4) de 3 = _ e 13 + 2e 24 1 27 1 45 ; ^4 = _ g 14 _ ^23 _ 1 26 + 1 3 5j 



2 2' 2 
ie 67 , de 6 = 2e 13 + 2e 42 + ^e 57 , de 7 = 2e 14 + 2e 23 - ^e 5 



Let ei, 1 < I < 7 be the left invariant vector field dual to the 1-forms e , 1 < I < 7, respectively. A global qc 
structure on L\ is defined by 

f?i=e 5 , 7/2 = e 6 , 773 = e 7 , i7 = span{e 1 , . . . , e 4 }, 
(3 ' 5) Wl =e 12 + e 34 , W2 = e 13 + e 42 , w 3 = e 14 + e 23 . 

It is straightforward to check from (|3.4j) that the vector fields = es, ^2 = £,3 — e 7 satisfy the Duchemin 
compatibility conditions (|2.ip and therefore the Biquard connection exists and £ s are the Reeb vector fields. 

Theorem 3.2. Let (Li,r), Q) be the simply connected Lie group with Lie algebra l L equipped with the left 
invariant qc structure (77, Q) defined above. Then 

a) The qc structure is qc Einstein the normalized qc scalar curvature is a negative constant, S = — ^ . 

b) The qc conformal curvature is zero, W qc — 0, and therefore (Li,r], Q) is locally qc conformally flat. 
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Proof. We compute first the connection l-forms and the horizontal Ricci forms of the Biquard connection. 
The Lie algebra structure equations (|3.4[) together with (12 .3[) , (|2.4|) and (|2.6[) imply 



(3.6) 



CV,, 



1 5 

( 4 ~ 2 )?7s 



Equation (|3.6[) and (|2 .9[) allow us to conclude that the torsion endomorphism is zero and the normalized qc 
scalar S = — | . Now, Theorem 12.31 completes the proof of part a) . 

In view of Theorem 12.41 to prove part b) we have to show W qc = 0. Since the torsion of the Biquard 
connection vanishes and S — — ^, (|2.10p takes the form 

(3.7) W qc (X, Y, Z, V) = R(X, Y, Z, V) 



(g © g)(X, Y, Z, V) + ^((w. © u.)(X, Y, Z, V) + 4lu s (X., Y)u s {Z, V)) 



The Koszul formula expressing the Levi-Civita connection in terms of the metric in the case of left-invariant 
vector fields A, B,C on & Lie group reads 

(3.8) g(V A B, G) = ± [g([A, B],C)) - g([B, C],A)+ g([C, A],L 
By Theorem 12.11 we have the formula 

3 

(3.9) T(X,Y) = 2j2us(X,Y)Z s . 



Using (I3.9[) . (13.81) . (|2.2I) and the structure equations p. 41) we found the non zero coefficients of the cur- 
vature tensor are R(e a , e b , e a , e&) = — i?(e a , et, e&, e a ) = 1, a, 6 = 1,...,4, a 7^ &. Now (|3.7[) yields 
W qc (e a ,eb,e c ,ed) — i?(e a , eb, e c , e^) = 0, when there are three different indices in a,b,c,d. For the indices 
repeated in pairs we have 

1 



W qc (e ai e b , e a , e b ) = R(e a , e b , e a , e b ) - -(g © g)(e a , e b , e a , e b )- 

o 



1 a 



(w, © w s )(e Q , e b , e Q , e 6 ) + 4w s (e a , e fc )a; s (e a , e h ) 



8 8 



Then Theorem I2.4I completes the proof. 



□ 



The Lie algebra of the group L\ is a semi-direct sum, l\ = su(2) ©^ CI4 5, of su(2) and the four dimensional 
solvable Lie algebra 114,5, given, respectively, by 



su(2) 
i4,5 : 



df = ~\f\ df = -\f\ df = -\f\ 



de 1 = 0, de 2 = -e 1 



di 3 = 



^13 



de A = 



The action tt of su(2) on 04.5 is the restriction to su(2) of ad on L\, i.e., with the notation n(fi)ej = [/j,e*j] 
the action is 

[/5, e 3 ] = -e 4 , [/5,e 4 ] = --e 3 

[/e,e4] = ^e 2 , [/e,e 2 ] = -^e 4 

[/7,e 2 ] = ^e 3 , [/ 7 ,e 3 ] = ~e 2 , 
where fa and are the dual vectors. This decomposition can be seen easier in the basis 

f = e\ f = e 2 , f = e 3 , f = e 4 , / 5 = 2e 2 + e 5 , f = 2e 3 + e 6 , f = 2e 4 + e 7 , 



QUATERNIONIC KAHLER AND SPIN(7) METRICS ARISING FROM QC EINSTEIN STRUCTURES 



9 



which satisfy the structure equations 

d f = o, df = -/ i2 - \r + \f\ df = -/ i3 + \r \f 45 , df = -/ i4 - 1/ 26 + 1/ 35 

df = -\f \ df = -\f\ df = -\f\ 



3.3. Example 2: zero torsion qc-non-flat structure. Consider the simply connected connected Lie 
group L 2 with Lie algebra defined by the equations: 

de x =Q, de 2 = -e 12 + e 3 \ de 3 = -^e 13 , de 4 = -^e 14 , 

(3.10) de 5 = 2e 12 + 2e 34 + e 37 - e 46 + ^e 67 , de 6 = 2e 13 - 2e 24 - ^e 27 + e 45 - Je 57 , 

de 7 = 2e 14 + 2e 23 + Je 26 - e 35 + \e 56 . 

2 4 

A global qc structure on L 2 is defined by (|3.5p . It is easy to check from p. 101) that the triple {£i = e5, £2 = 
e 6)£3 = 67} form the Reeb vector fields satisfying (|2.ip and therefore the Biquard connection do exists. 

Theorem 3.3. Let (£2,77, Q) &e i/ie simply connected Lie group with Lie algebra l z equipped with the left 
invariant qc structure (77, Q) defined above. Then: 

a) The qc structure is qc Einstein and the normalized qc scalar curvature is a negative constant, S = — j . 

b) The qc conformal curvature W qc 7^ and therefore (L 2l r/,Q) is not locally qc conformally flat. 

Proof. We compute the sp(l)-connection 1-forms and the horizontal Ricci forms of the Biquard connection. 
The Lie algebra structure equations (|3.10l) together with (|2.3[) . (|2.4I) and (|2.6I) imply 

1 2 , 1 o ~. o.liS. a . 1 <9 * 

«i = -o e ~ (o + Tt)^i. "2 = -e -(g+^-)?72, as = -e -(3+17)%, 

(3.11) 19 

p a (x J y) = (---) Wa (x J n 

Compare (|3.11| with (|2.9[) to conclude that the torsion is zero and the normalized qc scalar S = —j. 
Theorem I2.3I completes the proof of part a). 

In view of Theorem I2.4[ we have to show W qc (ei, e 2l e$, e.4) = R(e\, e%, ea, 64) 7^ 0. Indeed, using (|3.9[) . 
(I3.8|) . (|2.2[) and the structure equations A3. 10)) we found i?(ei, e2, e3, 64) = — | 7^ 0. □ 

The Lie algebra Z2 of the group L 2 is a a direct sum of su(2) and the four dimensional solvable algebra 
14,8, given respectively by 

su(2) : de 5 = h 67 , de 6 = ]e 75 , de 7 = h 56 
v ' 4 4 4 

a 4 , 8 : ^ = 0, dg 2 = -e 12 + g 34 , dg 3 = -\e x \ de 4 = -^e 14 . 



This decomposition can be seen by letting 



e 5 = -2g 2 + g 5 , e 6 = -4g 3 + g 6 , e 7 = -4g 4 + g 7 , e m = g m , m = 1, 2, 3, 4. 
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3.4. Example 3: non-zero torsion qc-non-flat structure. Consider the solvable indecomposable Lie 
algebra l 3 defined by the equations 



(3.12) 



de 1 = - 
de 2 = - 
de 3 = 0, 



^ e i3 + 3 24 _ 3 25 1 
2 2 4 4 



36 



1 



,47 



1 



^ e 14 _ 3 23 + 3 15 _ 

2 2 4 4 



1 e 37 + ie 46 



.57 



,50 



de 



: -e 12 + e 34 + V 7 - l e 26 + -e 67 , 
2 2 4 ' 



3 12 

de 6 = 2e 13 



„34 



,17 „26 



1 



,07 



2e 



42 , g 25 



de 7 = 2e 4 



2e 



23 e i5 



and let e; , 1 < / < 7 be the left invariant vector field dual to the 1-forms e l , 1 < I < 7. We define a 
global qc structure on the corresponding Lie group £3 by (|3.5p . It follows from (|3.12l) that the triple 
{£1 = e 5, £2 = e 0j £3 — e 7} form the Reeb vector fields satisfying (|2 . 1 () and therefore the Biquard connection 
exists. 

Theorem 3.4. Let (-£3,77, Q) 6e i/ie simply connected connected Lie group with Lie algebra I 3 equipped with 
the left invariant qc structure (77, Q) defined by (|3.5p . TTien 

a) TTie torsion endomorphism of the Biquard connection is not zero and the normalized qc scalar cur- 
vature is negative, S = — 1. 

b) TTie gc conformal curvature W qc ^ 0, and therefore (£3,77, Q) is noi locally qc conformally flat. 



Proof. The structure equations (|3. 12|) together with (|2.3[) . (|2.4p imply 



1 5 

1 = M ~ I^ 1 ' 



(3.13) n, = ( T - —)//[. n 2 

Now, (l3~T3l . (I3TT21 and fl2~5) yield 



I .1 S V 



a 3 



F) = 1 [(± - S)(e 12 + e 34 ) + e 12 ] (X, F) = l(e 12 - e 34 )(X, F) + 1(1 - S^X, F), 



1 r3 



1 



1 



(3.14) p 2 (X, Y) = [-(e^ - e-)(X, F) - ( - + S)(e" e^)(X, F)j = +|(1 - S)u, 2 (X, F), 



P 3 (^,F) 



L g(e 14 + e 23 )(X, F) - (1 + S)(e 14 + e 23 )(X, F)j = +1(1 - S)u, 3 (X,F). 



Comparing (|3.14[) with (|2.9p we conclude 
(3.15) 



T°(X, 7iF) - T°(hX, Y) = l(e 12 - e 34 )(X, F), 5 = -1, 



T°(X,/ 2 F) -T (/ 2 ^,F) = 0, T°(X,I 3 Y) -T°(I a X,Y) = 0. 



Now we compute W qc . Denote tp = — j( 



1 f„12 



) and compare (13T5)) with (j2~7l) and (|2~8l) to get 



(3.16) T°(X,F) = il>(X,hY), g(T(Z.,X),Y) = —-(ip(L s X, L{Y) + tp(X, IiI s Y)). 

Using U ~0 and (|2.7p we conclude from (|2.10p that W qc (ei, e2, e3, 64) = ii(ei, e2, ea, e±) since other terms 
on the right hand side of (|2.10l) vanish on the quadruple {ei,e2 = — Liei,e^ = —l2&i 1 ^i = ~H e i}- Using 
dSTSJ), (EU), (I3~T2")1 and (JHUSI) , we obtain R(e t , e 2 , e 3 , e 4 ) = -| 7^ 0. □ 



4. S'p(n)S'p(l)-HYPO STRUCTURES AND QUATERNIONIC KAHLER MANIFOLDS 

Guided by Examples 0-3 in the last Section we relax the definition of a qc structure by removing the 
"contact condition" drj SlH — 2co s . In this way we come to an Sp(n)Sp(l) structure (almost 3-contact structure 
see [26]). The goal is to obtain a geometric structure which may induce a quaternionic Kahler metric on a 
product of the given manifold with (an interval of) the real line. 
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Definition 4.1. An Sp(n)Sp(l) structure on a (An + 3) -dimensional Riemannian manifold (M,g) is a 
codimension three distribution H such that 

i) H has an Sp(n)Sp(l) structure, that is, it is equipped with a Riemannian metric g and a rank- 
three bundle Q consisting of (l,l)-tensors on H locally generated by three almost complex struc- 
tures I\,I 2 ,I 3 on H satisfying the identities of the imaginary unit quaternions, 1x1% = — I^Ii = 
Iq, I1I2I3 = ~id\ H which are hermitian compatible with the metric g(I s .,I s .) = g(.,.), i.e. H has 
an almost quaternion hermitian structure, 
ii) H is locally given as the kernel of a 1-form ?/ = (771, 772, 773) with values in R 3 . 
The local fundamental 2-forms are defined on H as usual by ui s (X,Y) = g(I s X,Y). 

If the first Pontrjagin class of M vanishes then the 1-forms rj s as well as the fundamental 2-forms uj s are 
globally defined [2]. 

Definition 4.2. We define a global Sp(n)Sp(\) -invariant 4-form of an Sp(n)Sp(l) structure (M,g,Q) on 
a [An + 3) -dimensional manifold M by the formula 

(4.1) Slq = uif + oj' 2 + uj\ + 2oj 1 A rj 2 A 773 + 2oj 2 A rj 3 A r/i + 2cj 3 A 771 A 772. 

Let M An+A be a (An + 4)- dimensional manifold equipped with an Sp(n + l)Sp(l) structure, i.e. 
(M 4n+4 ,g, J \, J2, J3) is an almost quaternion hermitian manifold with local Kahler forms Fi(., .) = g(Ji-, ■)■ 
The fundamental 4-form 

(4.2) $ = Fi A Fi + F 2 A F 2 + F 3 A F 3 

is globally defined and encodes fundamental properties of the structure. If the holonomy of the Levi-Civita 
connection is contained in Sp(n + l)«Sp(l) then the manifold is a quaternionic Kahler manifold which is 
consequently an Einstein manifold. Equivalent conditions are either that the fundamental 4-form $ is 
parallel with respect to the Levi-Civita connection or $ is a closed form and 

(4.3) dF s = mod {Fi,Fj,Fk} 

[34] . The latter is equivalent to the fact that the fundamental 4-form is closed (d$ = 0) provided the 
dimension is strictly bigger than eight ([33, 34) [32]) with a counter-example in dimension eight constructed 
by Salamon in |32j . 

Let / : jV 4n + 3 — ► jVf 4n + 4 De an oriented hypersurface of M An+A and denote by N the unit normal vector 
field. Then an Sp(n + l)»Sp(l) structure on M induces an Sp(n)Sp(l) structure on 7V 4n + 3 locally given by 
(r] s ,to s ) defined by the equalities rj s = NjF s , Ui — f*Fi — 77^ A r\k- The fundamental four form $ on M 
restricts to the four form ft Q on N, il Q = /*$ = (j"^) 2 + (f*F 2 ) 2 + (f*F 3 ) 2 . 

Suppose that (M 4n+4 ,g) has holonomy contained in Sp(n + l)Sp(l). Then d$ = implies that the 
Sp(n)Sp(l) structure induced on N 4n+3 satisfies the equation 

(4.4) dQ Q = 0, 
since d comutes with /*, df* = f*d. 

Definition 4.3. An Sp(n)Sp(l) structure (M,g,Q) on a (An + 3) -dimensional manifold is called Spfn)Sp(l) 
- hypo if the J^-form J7q is closed, d£lq — 0. 

Hence, any oriented hypersurface N 4n+3 of a quaternionic Kahler M 4n+A is naturally endowed with an 
S'7j(n)S'7j(l)-hypo structure. 

Vice versa, a (An + 3)-manifold jV 4 ™ +3 with an Sp(n)Sp(l) structure (rj s ,uj s ) induces an Sp(n + l)Sp(l) 
structure (F s ) on jV 4n + 3 x K defined by 

(4.5) F l =uj i + r)j A 7i fe - m A dt, 

where t is a coordinate on E. 

Consider the family of Sp(n)Sp(l) structures (r] s (t),oj s (t)) on A^ 41 ^ 3 depending on a real parameter t 6 K, 
and the corresponding Sp(n + 1)6*73(1) structures F s (t) on N 4n+3 x K. 
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Proposition 4.4. An Sp(n)Sp(l) structure (r/ s ,uj s ) on _/V 4 ™ +3 can be lifted to an almost quaternionic her- 
mitian structure (F s (t)) with a closed four form on jV 4ll+3 x K defined by (|4.5[) if and only if it is an 
Sp(n)Sp(l)-hypo structure which generates a 1 -parameter family of Sp(n)Sp(l)-hypo structures (r] s (t),uj s (t)) 
satisfying the following evolution Sp(n)Sp(l)-hypo equations 

(4.6) d t n Q (t) = d[6r?i(t) A A m (t) + 2u) X {t) A m(t) + 2wa(t) A rja(t) + 2w 3 (t) A 773(0] , 

where d is the exterior derivative on N . 

Ifn>2, then the almost quaternionic hermitian structure (F s (t)) with a closed four form on _/V 4n+3 x R 
defined by ()4.5j) zs quaternionic Kdhler. 



Proof. If we apply (|4.5j) to (|4.2j) and then take the exterior derivative in the obtained equation we see that 
the equality d$ = holds precisely when (|4.4j) and (|4.6j) are fulhlled. 

It remains to show that the equations (|4.6[) imply that (|4.4[) holds for each t. Using (|4.6|) . we calculate 



dtdQf 



Gm(t) A »ja(i) A 7? 3 (i) + 2wi(i) A 771 (t) + 2u 2 (t) A 772 (t) + 2cu 3 {t) A r? 3 (i) 



0. 



Hence, the equalities (|4.4[) are independent of £ and therefore valid for all t since they hold for t — 0. □ 

It is interesting to know whether the converse of Proposition ^. 4l holds. i.e., is it true that any Sp(n)Sp(l)- 
hypo structure on 7V 4n+3 , n > 2, can be lifted to a quaternionic Kahler structure on N 4n+3 x R? 

Solutions to (|4.4I) are given in the case of 3-Sasakian manifolds in [37]. We construct explicit examples 
relying on the properties of the qc structures for which we solve the evolution equations (|4.6p . 

4.1. Quaternionic contact and Sp(n) Sp(l)-hypo structures. We show the conditions under which a qc 
structure is an Sp(n)Sp(l)-hypo. For n = 1, we prove that it happens exactly when the vertical distribution 
is integrable, while for n > 1 we have that a qc structure is Sp(n)Sp(l)-hypo if and only if it is qc Einstein. 
To this end we recall that the structure equations of a qc structure, discovered in |24j . are 

(4.7) 2uji = dra + r]j A ctk - T}k A aj + Snj A r/ k , 

and a 3-Sasakian qc structure is characterized by the structure equations 2ui = drji — 2rjj A rjk- 
The S'p(n)5p(l)-invariant horizontal 4-form, called the fundamental 4-form, is defined in |24j by 

(4.8) Q = lj\ A uii + UJ2 A u>2 + ^3 A . 

If the dimension of the qc manifold is bigger than seven it turns out that qc Einstein condition is equivalent 
the fundamental 4-form being closed, see |24) . 

Proposition 4.5. A qc structure is Sp(n)Sp(l)-hypo structure if and only if its fundamental four form is 
closed, dfl = 0. 

Proof. Comparing the definitions of flq and we see that it is sufficient to show that the four form 

k>l A 772 A 773 + uj 2 A 773 A 771 + uj 3 A 771 A 772 
is closed. The structure equations (|4. 7[) imply [24] 

(4.9) dUi = Wj A (a k + Sn k ) - u k A (atj + Srjj) - p k A 77^- + p j An k + ^dS A r)j A r) k . 
Using (|4.7p and (|4.9p we obtain the validity of the next 

Lemma 4.6. For any qc structure we have 

d(w\ A 772 A 773 + Cl>2 A 773 A 771 + W3 A 771 A 772) = 0. 

Now, Lemma (14.61) implies dflq — precisely when dil = 0. □ 

The main theorem of [24] asserts that a qc strucutre on a qc manifold of dimension strictly bigger than 
seven has closed fundamental four form exactly when it has zero torsion endomorphism of the Biquard 
connection. In dimension seven we have the following result. 

Theorem 4.7. For a qc structure in dimension seven the next conditions are equivalent. 
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a) The fundamental four form is closed, dQ = 0. 

b) The vertical distribution is integrable. 

c) The qc structure is Sp(l)Sp(l)-hypo structure. 

Proof. In the case of dimension seven we have the identities uj s A uj p = S sq volH- Therefore, CI — 3wi A ui\. 
Applying (|4.9j) we get 

(4.10) dQ = 6doji Au>i = 6u>x A p 2 A n 3 - 6cJi A p 3 A i] 2 + 3dS A wi A 772 A 773. 

For a 1-form (3 we use the convention I s f3(X) = —f3(I s X). We obtain from (|4.10[) that the nonzero parts of 
dSl are given by 

(4.11) dn(x, y, z, a, 6) = 6wi a (^ 3 )(a, y, z) ; y, z, a, 6) = 6w x a (^ P2 )(x, y z) ; 

(4.12) dn(X,Y,Z,Z 2 ,£ 3 ) = -3uj 1 A[2(^p 2 ) + 2(^jp 3 )-ds](X,Y,Z)=6u 1 Al 3 (^Pi)(X,Y,Z); 

(4.13) dn(JT, y, 6 , 6 , 6) = 3«i (x, y ) [2 P2 (a , 6 ) + 2p 3 (6 , 6) + )] = o ; 

(4.14) dQ{X, y, Z, C/, &) = 6wi A p 2 (A, y, Z, CO = 9{ui,P2)vol„ = 0, 

where we apply the last equation in (12.9[) to obtain the last equality in (|4.12[) . The second equality in (|4.13p 
is precisely the second formula of the third line of (|2.9j) . The last equality in (|4.14[) follows from the first 
formula in (|2.9|) which says that the horizontal two form p 2 is of type (1,1) with respect to I 2 and therefore 
it is orthogonal to the 2-form uix which is of type (2,0)+(0,2) with respect to I 2 . 

Assume that the fundamental four form is closed. Then f|4. 1 If) and (|4.12l) imply that the 1-forms (£ s ->Pt)\H 
vanish for s^t which is equivalent the vertical distribution to be integrable due to the third line of (|2.9p . 

For the converse, let the vertical distribution be integrable, i.e. (i^ t p s )\H = for s ^ t. Then the 
last formula in (|2.9I) yields {i^ s p s )\H — \dS\#. Substitute the latter into (14. 12|) to obtain the vanishing 
of this term which combined with (|4.11|) . (|4.13|) and (j4.14|) yields dfl = 0. This proves a) <^> b). Finally, 
Proposition H3] completes the proof. □ 

Combining Proposition 14.51 with the main theorem of [24) we obtain the following Corollary. 

Corollary 4.8. a) A qc structure on a Hn+ 3) -dimensional manifold is Sp(n)Sp(l)-hypo if and only if it is 
qc Einstein provided n > 1 . 

b) In dimension seven, a qc Einstein structure with constant qc scalar curvature is Sp(\)Sp(l)-hypo 
structure. 

In both cases we have the structure equations 

(4.15) du>i = ujj A ctk — ujk A ctj. 
Proof. If n > 1 and T° = U = 0, then Theorem O implies 

(4.16) pi(X,Y) = -S^(X,Y), Pi (£ m ,X) = 0, Pi(&>6) = 0, 

since S is constant and the vertical distribution is integrable [20] . In dimension seven the second equality of 
([4.16P is a consequence of Theorem 3.1 in [23 which expresses pi(£ m , X) in terms of the covariant derivatives 
of the torsion and the differential of the qc scalar curvature. Applying (14.161) into (I4.9[) we get (|4.15l) . □ 

4.2. Construction of quaternionic Kahler structures using qc structures. In this section we con- 
struct explicit quaternionic Kahler metrics on the product of a qc manifold with a real interval. 

Theorem 4.9. Let (M,g,Q) be a smooth qc Einstein manifold of dimension 4n + 3 and, in dimension 
seven, with constant normalized qc scalar curvature S . For a suitable constant a, the manifold M xM has a 
quaternionic Kahler structure given by the following metric and fundamental 4-form 

(4.17) 9 = U9H + { \ SU + au2M + 111 + %2) + 2(^ + 2a^) W2 ' SU + W > °' 
$ = F x A Fx + F 2 A F 2 + F 3 A F 3 , 
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where locally 

(4.18) Fi(u) = ULJi + (ftii 2 + -Sit) T)j A rj k - A du. 
TTie i?icci tensor of the quaternionic Kahler metric is Ric = — A{n + 3)ag. 

Proof. Let h and / be some functions of the unknown t . Consider the 2-forms defined by 

(4.19) Fi{t) = f(t)uji + /i 2 (i)?7j A ?7fe - h{t)m A dt. 

Let $ be given with the second equation in (|4.17[) . A direct calculation applying (14. 7|) and (|4. 15[) shows that 
(Yi^ijk) means the cyclic sum) 

d$ = S fefc) [((/ 2 )' - ifh) ut A u t Adt+(2 (fh 2 )' + 2Sfh - 12ft 3 ) w< A iy A Vk Adt . 

Thus, if we take h = \ f we come to 

d$ = f"L m (-f 2 + ff" + Sf)Ui A m A i lk A dt, 
which shows that $ is closed exactly when 

(4.20) //" - f 2 + Sf = 0, h= If. 

With the help of the substitution v = — In / we see that (^f) = 2Se v + 4a for any constant a. This shows 

that — (ls) 2 (^) — 2(g/+2a/^) > ® anc ^ h 2 = \S f + af 2 . Renaming / to u gives the quaternionic 

structure in the local form (14. 18)) and the metric in (I4.17[) . 

In dimension seven, in order to see that < F\, F%, F3 > is a differential ideal when equations (|4.20|) hold, 
we need to compute the differentials dF{. Using (|4.7|) and (|4.15[) we obtain taking the exterior derivative of 
HHHg) that 

/ 2h 2 \ ( 2h 2 \ 

(4.21) dFi = [a k + —Vk) A Fj - (aj + —n^j A F k 

4ft 3 

+ (/' - 2h)ui A dt + {2hh! + hS - A rj k A dt. 

An easy application of (|4.20[) anihilates the second line of (14.21)) which proves that the defined structure 
is quaternionic Kahler due to Swann's theorem (33j recalling that we have also (|4.20p . i.e., $ is a closed 
form. □ 

Using the above theorem we obtain explicit quaternionic Kahler structures based on examples of qc 
structures with vanishing torsion. We turn to their description in the following subsection. 

4.3. Quatenionic Kahler metrics based on qc Einstein structure with zero qc scalar curvature. 

When the qc scalar curvature vanishes, S — 0, we let a — b 2 , u — e 2h<J in the above Theorem to obtain the 
next Corollary. 

Corollary 4.10. Let (M,g,Q) be a smooth qc Einstein manifold of dimension 4n + 3 with vanishing qc 
scalar curvature. For any non-zero constant b, the manifold M x K has a quaternionic Kahler structure 
given by the following metric and fundamental J^-form 

9 = e 2b °9H + b 2 e^{n\ + V 2 2 + V 2 3 ) + (da) 2 , 
$ = F x A Fi + F 2 A F 2 + F 3 A F 3 , 

where locally 

(4.23) Fi = e 2bCT w 4 + b 2 e iba rjj An k - be 21 " 7 ^ A da. 

In particular, the quaternionic Kahler metric on M X R is complete if the metric on M is complete. 

Proof. The completeness follows similarly to the case of a warped product with strictly positive warping 
function, see f3D] D 
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4.3.1. Quaternionic Kahler metrics from the quaternionic Heisenberg group. Consider the (An + 3) - dimen- 
sional quaternionic Heisenberg group G™, viewed as a qc structure. According to (I4.22p . the metric 

(4.24) g = e 2b - ((e 1 ) 2 + • • • + (e 4 ") 2 ) + b 2 e^ (( m ) 2 + ( m ) 2 + ( m ) 2 ) + da 2 

is a complete quaternionic Kahler metric in dimensions 4n + 4 with n > 1. The Einstein constant is negative 
and equal to — 4(n + 3)6 2 . This complete Einstein metric has been found in dimension eight on a solvable Lie 
group as an Einstein metric starting with a T 3 bundle over T 4 in [Til equation (148)]. Thus, the Einstein 
metric in dimension eight discovered in [17j is in fact a quaternionic Kahler metric. Similarly to the eight 
dimensional case, the metric (|4.24[) is a left invariant metric on a An + 4 dimensional Lie group. In order to 
see this we use the structure equation (|3.1[) giving de % = 0, hence the one forms e* = e h(J e % , fji = e 2ha r\i and 
da define a 4n + 4-dimensional Lie algebra 

de l — —be* A da, dfji — 2uii — 2bfji A da, 

where Qi is obtained from Ui by replacing e l with e' ' . 

The explicit description of the quaternionic Kahler metric can be obtained from the qc structure of the 
quaternionic Heisenberg group (using the form of [20]). 



m = 


i 

2 


dx 


- x a dt a 


+ t a dx a - 


z a dy a + 


y a dz 


m = 


1 

2 


dy 


- y a dt a 


+ z a dx a + 


t a dy a - 


x a dz 


% = 


1 

2 


dz 


- z a dt a 


- y a dx a + 


x a dy a + 


t a dz 



with summation over a — 1, ... ,n. The horizontal forms e % are dt a , dx a , dy a and dz a . 



4.4. Quatenionic Kahler metrics based on a qc Einstein structure with negative qc scalar cur- 
vature. Let us consider a qc Einstein structure with a negative qc scalar curvature. Accordingly, we let 
S = —k 2 < and also replace a in Theorem 14.91 with \b 2 k 2 > 0. With this notation and in terms of the 

coordinate a, u = 052(1 + cosher), we have Su + 2au 2 = k 2 (b 2 u 2 — u) = j^j sinh 2 a and the metric (|4.17[) 
takes the form 

1 A: 2 1 

(4-26) g =—(l + coshd) g H + — sinh 2 a (n 2 + r, 2 + V 2 ) + ^2 da ^ 

defined on M = M xl. The Ricci tensor of g is then Ric — —2(n + 3)b 2 k 2 g. Notice that the above metric 
degenerates only when a — 0, but defines a sub-Riemannian metric on the distribution H spanned by H and 
^ since (1 + cosher) > 2 and H generates the whole tangent space. From the formula for g it is apparent 
that if v is any tangent vector toMxl then g(v, v) > \da(v)\ 2 and g(v, v) > gii{v, v). Furthermore, if 7 is 
a horizontal curve on M x R, i.e., 7 G H, then its projection on M is also horizontal curve. 

Thus, the lengths of the projections on R and M of any horizontal curve on M x R are less than the length 
of the horizontal curve on M. Let [p n ,a n ) £ M be a Cauchy sequence in the sub-Riemannian metric g. 
From the argument so far we see that the sequences a n £ R and p n £ M are Cauchy sequences in the metric 
da 2 and the sub-Riemannian metric gn on M, respectively. It follows that if the sub-Riemannian metric gn 
is complete then the sub-Riemannian metric g on M is complete. As far as completeness of sub-Riemannian 
metrics is concerned, it is useful to have in mind the result of [351 Theorem 7.4] according to which if a 
sub-Riemannian metric has a Riemannian contraction which is complete, then the sub-Riemannian metric 
is also complete. In particular, if gn + rj 2 + n\ + 77! is a complete metric on M , then gu defines a complete 
sub-Riemannian metric on M and g defines a complete sub-Riemannian metric on M x R. 

Next, we give some examples. 
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4.4.1. Explicit quaternionic Kahler metrics from the zero-torsion qc-flat qc structure on l L . As example of 
the above construction we consider the Lie group L\ defined by the structure equations (|3.4I) . which can be 
described in local coordinates {t, x, y, z, X5, Xq, X7} as follows 

e 1 = -dt, 

e 2 — — x§ dx + — X5 cosxdy + (— xq cosy + — X5 siny sinx) dz — — X7 dt + — dx-j, 

e 3 = — — X7 dx + — X5 sinx dy + (— — xj cos y — — X5 siny cosx) dz — — x§ dt + — dxg, 

e 4 = (— — x-j cosx — — xg sinx ) dy — — sin y (— xg cos a; + X7 sinx) dz — —x^dt + — dx?,, 
(4-27) r/i = e 5 — —xq dx + (— £5 cos x — 2 sin x) dy 

+ (— X6 cos y — siny sin x X5 + 2 sin y cos x) dz + X7 dt — dx7, 
r/2 = e 6 = X7 dx + (2 cos x — X5 sin x) dy 

+ (X7 cos y + 2 sin y sin x + X5 sin y cos x) dz + xq dt — dx^ , 
r]3 = e 7 = —2 dx + (cos x X7 + xq sin x) 

+ (—2 cosy + X7 sin y sinx — x@ siny cosx) dz + X5 — dx§. 

In this case S* = — \ in (|4.17[) . According to (|4.26p . the corresponding quaternionic Kahler metric is 

(4.28) g = (1 + cosh a) g H + ^ sinh 2 a {n\ + n\ + j/f) + ^ da 2 , 

The quaternionic Kahler two forms are 

1 

7^(H , i6fo; 



1 1 2 1 

^V ") = %2 (- 1 + cosncr ) w i + —J Slml CT A % ~ tj 7 ^ A d(T - 



The Ricci tensor is given by 

Ric = -Ab 2 g. 

The metric (|4.28|) seems to be a new explicit quaternionic Kahler metric. 

4.4.2. Explicit quaternionic Kahler metrics from the zero-torsion qc-non-flat qc structure on l z . Consider 
the simply connected connected Lie group corresponding to the algebra l z defined by the structure equations 
(|3.10[) . This group can be described in local coordinates (x, y, z, t, ip, 9, tp) as follows. 

e,i = —2 dt, e 2 = dx — ydz + (—2 x + zy) dt, e^ — dz — zdt, e 4 — dy — ydt 

e 5 = — 2 dx + 2 y dz — 2 (—2 x + zy) dt — 4 sin ip d9 + 4 cos ip sin 9 d(p 

ee — —4 dz + 4 zdt — 4 cos i/> d6* — 4 sin -0 sin d<^ 

e 7 = -4 dy + 4 ydt - 4 d?/> - 4 cos6> d</>, 

where 0, (/?, t/> are the Euler angles, < 9 < it, < (p < 2ir and < ip < Air. Recall, in this case 5* = — j in 
(14. 1T[) . According to (|4.26[) . the corresponding quaternionic Kahler metric on L2 x M is 

(4.30) g = (1 + cosh a) <? H + ^ sinh 2 a (r? 2 + i£ + vl) + ^ da 2 . 

The quaternionic Kahler 2-forms are expressed by 

1 1 2 1 

Fi(cr) = (1 + cosher)^ + 7^77 smh cr ^ A r\ k - -rji A da. 

The Ricci tensor is given by 

Ric = -2b 2 g. 

The metric (|4.30p seems to be a new explicit quaternionic Kahler metric. 
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4.5. Quaternionic Kahler metrics arising from a 3-Sasakian structure. Note that here the normal- 
ized scalar curvature is 5 — 2. The metric 

g = ug H + {u + au 2 ) ({ m ) 2 + ( m f + ( m ) 2 ) + -du 2 

is a quaternionic Kahler, and in the case of a = is the hyper Kahler cone over the 3-Sasakian manifold. 
These metrics have been found earlier in [371 Theorem 5.2]. 

4.6. Non quaternionic Kahler structures with closed four form in dimension 8. It is well known [33] 
in dimension An, n > 2, the condition that the fundamental 4-form is closed is equivalent to the fundamental 
4-form being parallel which is not true in dimension eight. Salamon constructed in |32j a compact example 
of an almost quaternion hermitian manifold with closed fundamental four form which is not Einstein, and 
therefore it is not quaternionic Kahler. We give below explicit non-compact example of that kind. 

We consider seven dimensional qc structures with zero torsion endomorphism of the Biquard connection 
and constant qc scalar curvature 5 satisfying the structure equations 

(4.31) drji = 2ui + Srij Arj k . 

Examples of such manifolds are provided by the following qc manifolds: i) the quaternionic Heisenberg group, 
where 5 — 0; ii) any 3-Sasakian manifold, where 5 — 2 (see [H] where it is proved that these structure 
equations characterize the 3-Sasakian qc manifolds); and iii) the zero torsion qc-flat group L\ defined in 
Theorem 13.21 with the structure equations described in (I3.4p . where 5 = —1/2. Our example are inspired by 
the following Remark. 

Remark 4.11. In dimension seven, due to the relations u>i A u>j = 0, i ^ j, a more general evolution than 
the one used in the proof of Theorem \4-9\ can be considered, namely, let 

(4.32) u.(t) = f(t)uj s , T] s {t) = f s {t)r] s , 

where /, /i,/2,/3 are smooth function oft. Using the structure equations (|4.31j) one easily obtains that the 
equation dfl — is satisfied and (|4.6|) is equivalent to the system 

3/' - 2(A + f 2 + / 3 ) = 0, 

Uhh)' - SfUi -h- h) - 6/1/2/3 = 0, 

(//1/3)' - Sf(-h + f 2 - h) - 6/1/2/3 = 0, 
(//1/2)' - Sf(-.h - f 2 + f 3 ) - 6/x/a/a = 0. 
On the other hand, < F\, F2, F3 > is a differential ideal if and only if the following system holds 
(4-34) f(fifj)' - f'fifj + 2/1/2/3 - Vifj (fi + fj) + Sffjj - Sff k = 0. 

This claim is a consequence of the fact that working mod < F± , F2 , -F3 > w e have 
1 
7 

Taking fi=f2 = f3 = hin (|4.33p we come to the case considered in Theorem \4-9\ 

The system (|4.33[) can be integrated completely when 5 = 0. This is achieved by introducing the new 
variable du = fifafadt, which allows to determine ffifj = 6(it + au), where a k is a constant. Thus 

/ = / du 
6(u + a s ) dt 

With the help of these three equations and the first equation of (|4.33|) we come to 

9 df _ du 

f dt dt \u + cii ' u + 02 u + a% 

hence 

f = C 9 {u + ai ){u + a 2 ){u + a z ) 



dF l = - (fififj)' - f'fifj + Vhh - 2ft fj - 2/i/? + S ffifj - Sff k ) n , A Vk A dt. 
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for some constant C . Now, the equations ffifj = 6(it + a k ) and the definition of u yield 

fi= fl( ^ + ^ u + a ^ \ 1 '\ dt = (C/6f 2 *L 

V C V (u + a,) 5 J (<u + a 1 )(u + a 2 



1 /3 " 

((u + ai)(u + a 2 )(u + a 3 )) 

when we impose also the system (14.341) . in which we substitute 2(/, + fj) = 3/' — 2f k and f(fifj)' = 
6/1/2/3 — § (/l + /2 + .ft) /i/j (using the equations of (|4.33l) and r = 0), we see that 

3/dFi = 10/j/fc (2/ fe - /» - /j) Arjk Adt mod < Fi,F h F k > . 

Thus, d$ = and < Fi,F 2 ,F 3 > is a differential ideal if and only if f\ = f 2 = / 3 which yield the next 
Theorem. 

Theorem 4.12. The metric on the product of the seven dimensional quaternionic Heisenberg group with 
the real line defined by 

(4.35) g = C ((u + ai)(u + a 2 )(u + a 3 )) 1/9 (dx 2 + dx\ + dx\ + dx\)+ 

6 f(u + a 2 ) s (u + a 3 ) s \ 1/9 /1 n J J , 2 6 / (u + a 3 ) s (u + fll ) 8 \ 1/9 . J n J J x2 



6 f(u + a 1 ) s {u + a 2 ) s \ 1/9 tJ n J J , 2 /C\ 3 dw 2 

(02:7 + 2xida;4 + x 2 dx 3 



C\ (w + a 3 ) 10 J \6j (( u + ai )( u + a2 )( u + a3 )) 2 / 3 ' 

where a\,a 2 and a 3 are three constants, not all of them equal to each other, supports an almost quaternion 
hermitian structure which has closed fundamental form, but is not quaternionic Kdhler. 

Remark 4.13. Using Mathematica one can check that the metrics (|4.35|) are Einstein exactly when 
fx = f 2 = f 3 , in which case they are quaternionic Kdhler metrics. 

We note that one of the arbitrary constants in (|4.35|) is unnecessary since a translation of the unknown u 
does not change the metric. 

Let us also remark that the quaternionic Kahler metric (|4. 22[) on the quaternionic Heisenberg group is 
obtained from the general family (|4.35|) by taking 7J73 = b 2 and v = e 2ht — Cu 1 ^ 3 when the constants are the 
same a± = a 2 = a 3 = 2b and we use u + a\ as a variable, which is denoted also by u. 

4.7. Eight dimensional non quaternionic Kahler structures with fundamental forms generating 
a differential ideal. If one takes a solution of the system (I4.34[) which does not satisfy the system (|4. 33[) . 
one could obtain an almost quaternion hermitian structure such that < F±, F 2 , F 3 > is a differential ideal, 
yet, the structure is not of a quaternionic Kahler manifold (see also the paragraph after [27j Corollary 2.4]). 
For example, let / = 1 and S = in the system (|4.34l) and introduce the functions itj = hx(fjf k ). A small 
calculation turns the system (|4.34p into the following equivalent system with six equations 

(4.36, + 

where as before (and in what follows) i, j, k denotes a positive permutation of 1, 2, 3. Thus we have to solve 

dt 

Now, we let Vi = e~? Ui so the above system becomes (VjV k ) — — 2Uj. Introducing uij, = VjV k the latter 
equations take the form 

^2 At \l/2 

— W \ = -4 (WiW 2 W3) 

Thus, the variables wf defer by additive constants, so we let x = a, — wf, at =const, where the variable x 
satisfies dt = g(x)dx with 

(4.37) g(x) = \ (( ai - x)(a 2 - x)(a 3 - *))- 1/4 . 
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Solving back in terms of the wanted functions fi we see that 

In conclusion, the evolution = Ui 1 rji{x) = fi(x)rji leads to the metric 

9 = 9H + fiVi + fhl + fht + 9{x) 2 dx\ 

where Fi = + fjfkVj ^Vk—gfiVi^dx and the functions fi and g are defined in (|4.37[) and (|4.38[) respectively. 
The above metric supports an almost quaternion hermitian structure such that < F±, F2, F3 > is a differential 
ideal but g is not a quaternionic Kahler metric. For the proof of the latter notice that if we set / = 1 and 
5 = the system (I4.33| has no solution with nowhere vanishing functions fi taking into account the first 
equation of the system. 

5. Sp(l)Sp(l) STRUCTURES AND Spin(7)-HOLONOMY METRICS 

An Sp(l)Sp(l) structure on a seven dimensional manifold M 7 induces a Ga-form <j> by 

(5.1) (j) = w i A 771 + u 2 A 772 + 0J3 A 773 - ?7i A 772 A 773. 

Notice that the G2-form (|5.ip is Sp(l)Sp(l) invariant hence it is a well defined global form on the qc-manifold 
M. The Hodge dual *<fi is 

(5.2) * cj) — -u>\ - (wi A 772 A 7/3 +w 2 A 7/3 A 7/1 + w 3 A 771 A 772). 

Consider the family (j] s (u), u> s (u)) of Sp(l)Sp(l) structures on M 7 depending on real parameter u, the 
corresponding G2 form <fr(u) and the Spin(7)-iorm on M 7 x K defined by [9] 

(5.3) = Ff A Ff + F 2 " A iAT - F 3 ~ A F 3 ~ = 2 * 0(tt) - </>(tt) A , 
where the 2-forms F ± ~ , FT , fg"~ are given by 

(5.4) Fy = uj\ — T]2 A 773 — 771 A cZm, F 2 ~" = w 2 — 773 A 771 — 772 A dit, F 3 _ = oj 3 + 771 A 772 + 773 A du. 

Following Hitchin, [19], the Spin(7)-form ty(u) is closed (and so [13] parallel with respect to the Levi- 
Civita connection) if and only if the G2 structure is cocalibrated, d * 4> = 0, and the Hitchin flow equations 
d u (*4>) = —dff> are satisfied together with initial conditions d * (<f>(uo)) = at some point uq, i.e. 

(5.5) d u (*cj>) = -dfa d*(0(uo))=O. 

5.1. Construction of 5pm(7)-holonomy metrics using qc structures. At this point we shall assume 
that (M, g, Q) is a qc manifold of dimension seven and investigate Hitchin's equations (15.51) leading to 
5pm(7)-holonomy metrics. 

Recall that in dimension seven the fundamental four form of the qc structure is given by fi = 3wi A lj\ . 
The latter together with Lemma B~o1 (|5.2I) and Theorem 14 . 71 yield the next Theorem. 

Theorem 5.1. Let (M,g,Q) be seven dimensional qc manifold. The following conditions are equivalent. 

a) . The fundamental four form is closed, dtt = 0; 

b) . The G 2 - structure (|5.ip is cocalibrated. 

c) . The vertical distribution is integrable; 



Corollary 5.2. The G2-structure (|5.1j) induced from a qc Einstein structure with constant qc scalar curvature 
is co- calibrated. 

Proof. The assumptions of the corollary lead to the structure equations (|4.15l) which imply dfl = since in 
dimension seven u s Aw t = 6 s tvol.\jj- Now, Theorem 15.11 completes the proof. □ 
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Earlier |16j and [15] observed that every 3-Sasakian manifold has G2-forms, which are nearly parallel, 
and each one of them has a "squashing" which produces another nearly parallel G2-form. These structures 
are then used to obtain Spin(7) metrics on the metric cone (3). In pQ it is proven that every 3-Sasakian 
manifold has a "canonical" G2-form which is co-calibrated. From Corollary I5.2[ a seven dimensional qc 
Einstein structure with constant qc scalar curvature has a co-calibrated G2-form which by 19i is a good 
candidate to construct a metric with holonomy contained in Spin(7). It should be pointed out that a 
seven dimensional qc-Einstein structure with positive qc constant scalar curvature, locally, has a 3-Sasakian 
structure, see |20j . Nevertheless, the squashed metrics mentioned above are examples of seven dimensional 
qc Einstein structure with positive constant qc scalar curvature, so the quatcrnionic contact point of view 
allows a unified treatment of the construction. 

We turn to the main result allowing the construction of S'pm(7)-holonomy metrics on the product of a qc 
manifold with a real interval. 

Theorem 5.3. Let (M,g,Q) be a smooth qc Einstein manifold of dimension seven with constant normalized 
qc scalar curvature S . For a suitable constant a, the manifold M x R has a metric with holonomy contained 
in Spin(7) given by the following metric and Spin(7)-form 

(5.6) 9 = U9H + ((??l)2 + {mf + im)2) + 18(S«"/3-2a) du2 ' 



= Ff A Ff + F 2 A F 2 - - Fi A F 3 ", 



whe 



Su 5 / 3 - 2a 

10u 2 / 3 
Su 5 ? 3 - 2a 1 



F 1 (u) = uuj x 1Qu 2/3 ^2 A 773 - - 771 A du, 



( 5 - 7 ) f 2 (u) = uw 2 1Qm2/3 m a m - g m a du, 

Su 5 / 3 -2a 1 

f 3 ( u ) = uoj 3 + 1Qm2/3 m a m + g m a du. 

Proof. Let h and / be some functions of the unknown t . Consider the 2-forms defined by 

= - h 2 (t)m a 773 - h(t)m a dt, 

(5.8) F-(t) = f(t)oj 2 - h 2 (t) m A 77! - h(t)rh A dt, 

Fait) - /(t)«j + h 2 {t) m A 772 + h(t)r) 3 A dt. 

Substituting (|5.8p in (|5.3j) . then taking the exterior derivative of the obtained 4- form while applying (|4.7I 
and (|4.15p yields 

(5.9) d*(t) = (2//' - 12//i)wi A wi A dt 

- (2(fh 2 )' - 2fhS - 4/i 3 ) ( Wl A 772 A % + w 2 A 773 A 77! + o; 3 A ??! A 772) A dt. 
Hence, (|5.9p shows that the condition cf^f) = is equivalent to the ODE system 

(5.10) 3//" + (/') 2 -9S/ = 0, h=\f. 

6 

To solve this differential equation, we use v = / 4 / 3 as a variable. Equation (|5.10[) shows that 

'dv\ 2 _ 32(Sv 5 / 4 - 2a) 



dt J 5 
37 ) = (^) ( = i8(S/ 5 / 3 -2a) ' w hich implies 



2_ 1 ,^2 5/ 5 / 3 -2a 



h 2 = —(f) 2 = 

36 U> 10/ 2 /3 ■ 

Renaming f to u gives the metric and the Spin(7) form t/> in the form (|5.6p together with (|5.7p . □ 
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5.2. Spm(7)-holonomy metrics based on qc Einstein structure with zero qc scalar curvature. 

5.2.1. Spin(7) holonomy metrics from the quaternionic Heisenberg group. Consider the 7-dimensional quater- 
nionic Heisenberg group G (H) with structure equations (13. 1|) taken for n = 1 equipped with its standard 
qc structure. The corresponding eight dimensional Spin(7)-holonomy metric written in Theorem 15.31 can be 
written in the form 

(5.H) g = ((e 1 ) 2 + (e 2 ) 2 + (e 3 ) 2 + (e 4 ) 2 ) + ^u~ 2 ({ m f + (n 2 ) 2 + (n 3 ) 2 ) + ^du 2 . 

These Spm(7)-holonomy metrics are found in 1171 Section 4.3.1]. 

5.2.2. New Spin{7) -holonomy metrics from the quaternionic Heisenberg group. New S'pin(7)-holonomy met- 
rics can be obtained similarly to the derivation of (|4.35|) . We evolve the structure as in (|4.32|) . namely 
w s (it) = f(u)uj s , r] s (u) — f s (u)i] s . Using the structure equations of the quaternionic Heisenbrg group, 
dn s = 2uj s , one easily obtains that the second equation of the (|5.5j) is equivalent to the system 

/' - 2(/i + h + h) = 0, (// 2 / 3 )' - 2/i/a/a = 0, 

' 12 ' Uhh) 1 - 2/i/ 2 / 3 = 0, {fhh) 1 - 2/1/2/3 = 0. 

We integrate the system (|5.12j) to obtain the next family of Spm(7)-holonomy metrics which seems to be 
new 

(5.13) g = C {(u + ai)(u + a 2 )(a 3 - u)) ((da; 2 + dx\ + dx\ + dx\) 

2 1 2 1 

-Adxs + 2x\dx2 + 2x 3 dxi) 2 + —-. —(dx§ + 2xidx 3 + 2xidx2) 2 + 



1 C 3 

;(dxj + 2x\dx^ + 2x2dxz) 2 H (u + ai) 2 (u + a,2) 2 (a.3 — u) 2 du 2 . 



C{a 3 ~u) 2 

Taking a 2 = —0,3 = a\ into (|5 . 13[) one gets the Spin(7)-holonomy metrics (|5.11[) . Since the coefficients of the 
metrics (|5.13l) are continuous with respect to the parameters, and since the holonomy is equal to Spin(7) for 
(02,03) = [a\, — a\) then the same holds for any (02,03) in an small neighbourhood of (oi, — a\). Thus, we 
get a three parameter family of metrics with holonomy equal to Spin(7) which seem to be new. 

More generally for any triple 01, a%, 03 of real numbers one can find an open interval Jcl such that for 
u 6 J the holonomy of the metrics (|5.13l) equals Spin(7). 

5.3. 5pin(7)-holonomy metrics based on qc Einstein structure with negative scalar curvature. 

5.3.1. Explicit Spin(7) -holonomy metrics from the zero torsion qc-flat structure on l±. We consider the Lie 
group L\ defined by the structure equations (|3.4[) which can be described in local coordinates with (|4.27l) . In 
this case S — — \ according to Theorem 13.21 The corresponding metric with holonomy contained in Spin(7) 
from Theorem 15.31 has the form (taking b = —4a) 

(5.14) g = u ({e}) 2 + (e 2 ) 2 + (e 3 ) 2 + (e 4 ) 2 ) + ((.i) 2 + (mf + (mf) + g^JT^ ■ 
and seem to be new. 

Calculating the curvature of the metrics f)5.14[) . using the local coordinates (|4.27|) of the group, one finds 
that there are at least 16 independent curvature forms which implies that the holonomy of these metrics is 
equal to Spin (7). 

5.3.2. Explicit Spin(7) -holonomy metrics from the zero torsion qc-non-fiat structure on l z . We consider the 
Lie group L2 defined by the structure equations (13.101) which can be described in local coordinates with 
(I4.29[) . In this case S = — | according to Theorem 13.31 The corresponding metric with holonomy contained 
in Spin{7) from Theorem 15.31 takes the form given by equation (15.61) with S — — \ and b — —8a, 

(5.15) g = u ((e 1 ) 2 + (e 2 ) 2 + (e 3 ) 2 + (e 4 ) 2 ) + (( m ) 2 + ( m ) 2 + {m ) 2 ) + ^^du 2 . 
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and seems to be a new metric with holonomy equal to Spin(7). The latter fact can be seen by a direct 
calculation applying the local coordinates (|4.29l) to (|5 . 1 5[) and showing that the curvature 2-forms span a 
space of dimension twenty one. 

5.4. 5pm(7)-holonomy metrics from a 3-Sasakian manifold. This case was investigated in general in 
[4] and explicit solutions in particular cases are known (see [4] and references therein) . We use again only the 
particular solution to (|5.12|) found above. The metric with holonomy contained in SpiniJ) from Theorem l5.3l 
takes the form given by equation (|5.6[) with 5 = 2, 



This family includes the (first) complete metric with holonomy Spin(7) constructed by Bryant and Salamon 
on the total space of the spin bundle over the sphere S 4 QUI HE], see also [Hp. 6]. 
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